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GEOMETRIC INVARIANTS OF THE CONFIGURATION SPACE OF d
MARKED POINTS ON THE COMPLEX PLANE
N. COMBE
Abstract. Interest in Conformal Field Theories and Quantum Field Theory lead physicists
to consider configuration spaces of marked points on the complex projective line, Conf0,d(P).
In this paper, a real semi-algebraic stratification of Conf0,d(C), invariant under Coxeter-
Weyl group is constructed, using the natural relation of this configuration space with the space
DPold of complex monic degree d > 0 polynomials in one variable with simple roots. This
decomposition relies on subsets of DPold forming a good cover in the sense of Cˇech of
DPold and
such that each piece of the decomposition is a set of polynomials, indexed by a decorated graph
reminiscent of Grothendieck’s dessins d’enfant. This decomposition in Coxeter-Weyl chambers
brings into light a very deep interaction between the real locus of the moduli spaceM0,d(R)
and the complex oneM0,d(C). Using this decomposition, the existence of geometric invariants
of those configuration spaces has been shown. Many examples are provided. Applications of
these results in braid theory are discussed, namely for the braid operad.
Contents
1. Introduction 2
2. Elementa, signatures and classes of polynomials 4
3. Classification of signatures and adjacence relations 7
3.1. Matrix notation of signatures and Classification of elementa 7
3.2. Adjacence relations 10
4. Inclusion diagrams 12
4.1. Combinatorial closure of a signature 12
4.2. Properties of inclusion diagram 13
4.3. Structure of inclusion diagrams 15
4.4. Q-diagrams and Q-pieces 18
5. Decomposition invariant under Coxeter groups 22
5.1. Adjacence, chambers and galleries 22
5.2. Main theorems and their proofs 24
5.3. Braid towers 27
6. Concluding remark 28
Appendix A. Inclusion diagram for d = 3 30
Appendix B. The adjacent Q-pieces for d = 4 31
References 32
1991 Mathematics Subject Classification. Primary: 14N20; Secondary: 20F36.
Key words and phrases. Configuration space, discriminant variety, Coxeter chambers.
I wish to thank Norbert A’ Campo for many interesting discussions, Leila Schneps and Pierre Lochak for
helpful suggestions during my stay at Paris 6 and as well Hans Henrik Rugh for valuable discussions. I thank the
Max Planck Institute for Mathematics in Bonn for the hospitality. In particular, I am grateful to Yuri I. Manin
for giving me many advice. I thank the referee for constructive comments and suggestions.
1
ar
X
iv
:1
80
8.
08
20
7v
2 
 [m
ath
.A
G]
  1
1 J
un
 20
19
2 N. COMBE
1. Introduction
Interest in Conformal Field Theories and Quantum Field Theory lead physicists to consider
configuration spaces of marked points on the complex projective line, Conf0,d(P) and the moduli
spaces of marked points on genus 0 curves. The properties of moduli spaces of genus 0 curves
with d unordered marked pointsM0,d(C) are still an important subject of investigations. Those
spaces lie at the heart of challenging problems in relation with the calculation of Gromov-Witten
invariants, a particular importance is given to them.
In this paper, a Coxeter-Weyl semi-algebraic stratification of this moduli space is given, high-
lighting the existence of new topological invariants of the space of configurations of n marked
points on the complex plane. We use the natural relation between the moduli space M0,d(C)
and the space DPold of complex, monic, degree d > 0 polynomials in one variable, having simple
roots with sum equal to zero (i.e. Tschirnhausen polynomials) [11]: M0,[d] is the quotient of the
d-th unordered configuration space on the complex plane modulo the group PSL2(C) and the
configuration space can be considered as the space DPold, due to the fundamental theorem of
algebra.
This approach allows a new insight onM0,[d](C) andM0,[d](R), since new geometric invariants
of configuration of points on C are given. Moreover, this decomposition being invariant under
a Coxeter-Weyl group it brings into light a very deep relation between the approach used to
consider the real locus of the moduli space of marked points on the sphere M0,d(R) and the
classical complex one M0,d(C).
As an application to braid theory, it gives an alternative way to describe braid generators and
to construct the braid operad. To prove the existence of new geometric invariants, we introduce a
decomposition of DPold, which leads to the construction of a good cover in the sens of Cˇech. The
nerve of this covering provides the new geometric invariant. It turns out, that those geometric
invariants have many symmetries, in particular polyhedral ones. This decomposition is based
on the Tits-Bruhat-Deligne theory of chambers and galleries. In the following, by Weyl-Coxeter
chamber [18],[7](Chap IX, Sect. 5.2) we mean a fundamental domain, along with reflections
hyperplanes. The method we present has the following advantageous property: namely, it allows
to define any braid relation in Bd, as a path in a Weyl-Coxeter gallery.
The study of the configuration spaces with d marked points in the complex plane was initiated
in the early times, 1960-1970, by V. Arnold and, further developed by the Russian school: V.
Arnold, V. Goryunov, O. Lyashko, A. Vassiliev, D. Fuchs, S. Chmutov, S. Duzhin, J. Mostovoy
[2, 3, 4, 10, 37].
During the last 50 years, the compactified moduli space M0,[n](C) has been essentially stud-
ied from a complex geometry point of view. This point of view was introduced by Deligne-
Mumford [19], developed then by Knudsen [35] and Keel [32]. Other versions were provided: for
instance by Kapranov [30], using Tits-Bruhat buildings and Fulton-MacPherson [25]. Approaches
using real geometry, have only been considered until now in the case of real ordered points, i.e.
for M0,n(R). Namely, in [20], Devadoss introduces his mosaic tesselation in order to construct
the mosaic operad. In [21], the real cell decomposition is used to consider the cohomology of
the real locus of those moduli spaces. Some other results concerning this real locus are due to
Khovanov [33] and Davis, Januszkiewicz and Scott [17].
The decomposition we provide, using the real-algebraic geometry point of view, allows a rich
description of the open algebraic variety M0,[n](C), which is not visible in the framework of
the previous decompositions. However, interesting connections exist with the mosaic tesselation
of M0,n(R) and with the one given by Kapranov [30, 31]. Namely, the set of generic cells of
our decomposition are in bijective correspondence with pairs of all d bracketings and, therefore,
related to the associahedron and to the Stasheff polytope [38]. Note that, somehow, the main
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difference in the combinatorial structure is due to the fact the letters in the bracketings do not
matter in our new decomposition, since we consider the unordered points case.
The present paper grew out of the previous works [1, 11, 12, 14], where we bring into light the
existence of a topological real algebraic stratification, obtained through the notion of drawings
CP of a polynomial P . Such an object is reminiscent of Grothendieck’s dessin’s d’enfant [29] in
the sense that we consider the inverse image of the real and imaginary axes under a complex
polynomial. The drawing associated to a complex polynomial is, by convention, a system of
blue and red curves properly embedded in the complex plane, being the inverse image under a
polynomial P of the union of the real axis (colored in blue) and the imaginary axis (colored in
red) [12], CP = P−1(R ∪ ıR). For a polynomial P ∈ DPold, the drawing contains d blue and d
red curves, each blue curve intersecting exactly one red curve. The entire drawing forms a forest
(in terms of graphs), whose leaves (terminal vertices) go to infinity in the asymptotic directions
of the angle pi/2d.
The origins of the idea of considering the configuration space as a space of C-polynomials, was
introduced by V. Arnold [2]. In 1992, S. Barannikov [6] restudied problems concerning this space
of polynomials, in the light of works of Gauss [26]. More precisely, he used Gauss’s approach to
the study of complex polynomials (a polynomial is uniquely determined by taking the inverse
image under this polynomial of the real and imaginary axis). This approach was recently used by
E. Ghys, see [27, 28] (p. 72) to discuss a question of M. Kontsevitch, in 2009, on the intersection
of polynomials, which lead to the following theorem:
four polynomials, P1, P2, P3, P4 of a real variable x cannot satisfy:
• P1(x) < P2(x) < P3(x) < P4(x) for small x < 0,
• P2(x) < P4(x) < P1(x) < P3(x) for small x > 0 .
N. A’Campo, introduces in [1], the idea to use combinatorics of bi-colored forest to construct
a real semi-algebric decomposition of the space of complex polynomials with distinct roots.
A’Campo’s construction is based on equivalence classes (in the sens of Barannikov) of Gauss’
drawings. As well, he shows that a representative of an equivalence class is a polynomial and
vice versa and proves that such an equivalence class forms a contractible set in DPold.
In this paper, the isotopy classes of polynomial’s drawings, relatively to the 4d asymptotic di-
rections generate our construction. In order to avoid any confusion, we call elementa, this isotopy
classes. This decomposition in elementa allows us, not only to define a topological stratification
of DPold but as well, generates the construction of a good Cˇech cover of
DPold [12, 14].
This approach can be applied to braid theory. It is known that the fundamental group of the
configuration space of d unordered marked points on the complex plane is a d strand braid group.
Therefore, any braid relation can be investigated in a new manner, using the decomposition in
Weyl-Coxeter chambers. In particular, we bring a new insight on braid towers, which is obtained
using the natural inclusions: Bd → Bd+1. In addition, this gives a new insight on the braid
operad.
An operad O∗ = {Ok, k ≥ 1} is a collection of spaces together with some composition maps
On ×Oi1 × · · · ×Oin → Oi(where i =
∑n
k=1 ik) satisfying some axioms, with cabling
Bd ×Bi1 × ...Bid → Bi,
as composition, with i =
∑d
k=1 ik.
Moreover, this decomposition is also good in the sense of Cˇech. So, as a second application,
one can explicitly calculate the cohomology of the braid group with values in a sheaf. This
information turns out to be important, since by [34] it is known that monoidal functors preserve
operads; hence the homology of an operad (in spaces) as composition is an operad in graded
modules. The paper is composed of four main points.
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In section 2, we introduce the notion of elementa, signatures, strata and as well as their
properties. We discuss as well the Whitehead moves on the signatures.
In section 3, we investigate the classification of generic signatures. We show that there exist
four classes of generic signatures: M,F, S and FS. Two elementa are incident if the signature of
one can be obtained from the other one by a so-called half-Whitehead move (this is a topological
operation on the red (or blue) edges of a given signature modifying one signature into the other
one). This incidence relation on elementa is deeply connected to the topological closure of each
topological stratum:
In the section 4, we prove that the elementa are endowed with an incidence relation, which
forms a partially strictly ordered set. We introduce the notion of inclusion diagram of the
partially strictly ordered set and show that this inclusion diagram is the Cˇech nerve [9, 12]. This
gives a geometric invariant. The construction is based on properties of generic elementa in such a
way that each vertex corresponds to a generic elementum, each edge corresponds to a elementum
of codimension 1 and each 2-face to a elementum of codimension 2 (etc). The incidence relations
between the elementa are preserved on such a diagram.
The construction of the inclusion diagram is illustrated for low degrees: d = 2, 3, 4. In
particular, we pay attention to the case d = 4, we have a very rich geometrical structure.
In the section 5, we prove the main statement: the decomposition is invariant under a Coxeter
group and present a method of construction. We prove the main theorem:
Theorem 1 (Main theorem). Let d > 3. The decomposition of DPold in 4d Weyl-Coxeter-
chambers, induced by the topological stratification of DPold in elementa, is invariant under the
Coxeter group given by the presentation:
W = 〈r, s1, ..., s2d+1|r2 = Id, (rsj)2p = Id, p|d〉, p ∈ N∗
Note, that this structure is reminiscent of translation surfaces.
As an application to braid theory, we show that:
Theorem 2. Any braid relations following from the natural inclusion of braids i? : Bd ↪→ Bd+1
can be described using the decomposition in Q-pieces.
Braids and the natural inclusions i? : Bd ↪→ Bd+1 can be read from this geometric decomposi-
tion in chambers and galleries. More over, this method can be used as an alternative description
of the braid operad.
2. Elementa, signatures and classes of polynomials
The isotopy classes of drawings of polynomials of DPold, relatively to their 4d asymptotic
directions are the basic objects of our decomposition of this space. So, in the following, we
call them elementa. Since to each drawing corresponds a unique polynomial P ∈ DPold to an
elementa A correspond a subset of DPold which will be denoted by the same symbol.
Definition 1. A chord diagram of degree d consists in an oriented circle with 2d distinct points
in counterclockwise order and a distinguished set of d disjoint pairs of points. Every two points
belonging to the same pair are joined by a chord (diagonal).
A forest-chord diagram is a chord diagram such that the intersection of chords cannot form
any k-gon in the disc, but only a vertex of valency 2k.
Definition 2 (Signature). A degree d signature is a forest embedded in a unit disc D, with
points (the terminal vertices) S = {0, 1, 2, .., 4d − 1} on ∂D lying on the 4d roots of the unity,
which is obtained by a superimposition of two degree d forest-chord diagrams: one on the even
points B = {0, 2, . . . , 4d − 2} called the blue forest-chord diagram and the other one on the odd
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points R = {1, 3, . . . , 4d− 1} the red forest-chord diagram, with the constraint that red and blue
forest chords intersect at d points, such that one blue chord intersects only one red chord.
Let us notice that a signature of degree d has three types of vertices:
V = {v, v¯, v¯ | v ∈ ∂D, v¯, v¯ ∈ int(D), |v| = 4d, |v¯| = d, 0 ≤ |v¯| ≤ d− 1},
with deg(v) = 1, deg(v¯) = 4, 0 ≤ deg(v¯) ≤ 2d.
0
2
4
6
8
10
12
14
16
18
20
22
1
3
57
9
11
13
15
17 19
21
23
Figure 1. An example of signature of degree 6. The vertices: v are indexed by
numbers, v¯ by black points and v¯ by red or blue points along color of the chords
Notice that: drawings are geometrical objects, while signatures are combinatorial ones. In-
deed, a drawing CP characterizes completely the polynomial P : coordinates of its roots, of its
critical points, singularities of its real and imaginary part. The signatures characterizes only the
isotopy classes, to each signature σ corresponds an elementum, denoted Aσ. In a signature the
blue and red lines (drawn in a curved way) characterize only asympthotic directions of drawing
and the localisation of the critical points and values of the classes of polynomials indexed by this
signature.
Definition 3 (Short and long chords). Let σ be a signature. A chord (diagonal) connecting a
pair of terminal vertices i, j ∈ {0, ..., 4d− 1} of the same parity, is denoted by (i, j) .
• A chord is short if |i− j| = 2.
• A chord is long if it is not short.
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
Figure 2. An example of a long blue chord (0, 10), intersecting a short red chord (1, 15).
Definition 4. A signature is generic if it does not contain any vertex v¯. An elementum Aσ is
generic if the signature σ is generic.
Definition 5 (Codimension). The real codimension of an elementum Aσ is the sum of the local
indices of all the vertices v¯ of the signature σ. The local index Indloc(v¯) at a vertex v¯ is the
number Indloc(v¯) = 2deg(v¯)− 3.
All the generic elementa are of codimension 0.
Definition 6. Let σ be a signature.
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• A 2-cell in D \ σ contains in its boundary a set of its edges of a tree. Such a tree is said
to bound this 2-cell.
• Two trees are adjoining if they lie in the boundary of the same 2-cell in D \ σ.
• Consider a pair of chords of the same color in a generic signature: (i, j) and (k, l).
We call them successive if their terminal vertices satisfy one of the following conditions:
|i− k| = 2 or |i− l| = 2 or |j − k| = 2 or |j − l| = 2.
Proposition 3 ([11, 13]). For every d, the number of elementa is finite.
Let us introduce the topological operations on the signatures: the half-Whitehead moves which
allows to define the topological closure of Aσ.
Definition 7 ([11]). A half-Whitehead move is a topological operation on the chords of a sig-
nature, carried out in the following way:
(1) A contracting half-Whitehead move on a signature σ1 is a glueing of m > 0 chords of the
same color in one point v¯ such that the obtained diagram is a signature σ.
(2) A smoothing half-Whitehead move on a signature σ is an unsticking of m > 0 chords at
a point v¯ such that the obtained diagram is a signature σ2.
Definition 8. Let σ1 and σ2 be two different signatures of the same codimension. A Whitehead
move δ is the composition of a contracting and smoothing half-Whitehead moves starting at σ1
and ending on σ2.Two signatures differing by a Whitehead move are called adjacent signatures
and are denoted σ1 ↔ σ2.
Notice that, ↔ is reflexive but not necessarily transitive.
Let us illustrate below a composition of a contracting and a smoothing half-Whitehead move
for a pair of chords.
δ :
Figure 3. Whitehead move as a contracting half-Whitehead move and a
smoothing half-Whitehead move
Example 1. We illustrate a Whitehead move (c.f. definition 8) on a pair of red chords.
• The two generic signatures, for d = 2 (on the right and on the left of the figure below)
are incident to a codimension 1 signature ( in the middle of the figure) 4.
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
Figure 4. Whitehead move on a pair of red chords
• The Whitehead move has incidence on the deformation of coefficients of given polynomial
of degree 3. In this following example, we consider the deformation of blue curves
(Im(P ) = 0) of the drawing of the polynomial P1:
P1 = (z + 0.5− 0.5ı)(z + 0.5 + 0.5ı)(z − 0.2− 0.6ı),
P2 = (z + 0.5− 0.5ı)(z + 0.5 + 0.5ı)(z + 0.6− 0.4ı),
P3 = (z + 0.5− 0.5ı)(z + 0.5 + 0.5ı)(z + 0.5− 0.1ı)
GEOMETRIC INVARIANTS OF THE CONFIGURATION SPACE 7
Figure 5. Whitehead move of Im(P ) = 0 of monic polynomials
3. Classification of signatures and adjacence relations
3.1. Matrix notation of signatures and Classification of elementa. For convenience, we
shall represent algebraically the diagrams and signatures, using some matrix notation. Without
loss of generality we focus on generic signatures and matrix notation will be defined only for
generic diagrams. Note that in that case, signatures are formed from d trees, having one inner
node of valency 4, the four incident edges are colored respectively red, blue, red, blue. The
matrix has 2 lines and at most d columns, each column consists of one (i, j), and this indicates
the existence of a chord connecting the terminal vertices i and j . Chords having terminal vertices
of the same parity lie on the same line in the matrix.
For instance, the matrix
[
i,j
k,l
]
indicates that there exists a chord of a given color, connecting
the terminal vertices i with j and another chord of the other color, connecting the terminal
vertices k with l.
In case we have one short chord in the diagram (j − 1, j + 1) intersecting a chord (i, j) of the
opposite color, we write it as
∣∣ j
i
∣∣.
Remark 1. Each signature is associated to one unique matrix.
3.1.1. Generic elementa. The generic elementa can be classified by the signatures in the following
way [11]:
(1) Trees of signatures consisting of two short (red and blue) diagonals are said to be of type
M . An M tree is denoted by
∣∣ i
i+2
∣∣, where the number on the first line indicates that
there exists a short diagonal (i+1, i+3) crossing the diagonal (i, i+2). A signature with
only M trees is called an M -signature. Note, that there exist only four M -signatures,
for any d:
(a) M1 ↔ | 31 | | 75 | ...
∣∣ 4d−1
4d−3
∣∣.
(b) M2 ↔ | 13 | | 57 | ...
∣∣ 4d−3
4d−1
∣∣.
(c) M3 ↔ | 35 | | 79 | ...
∣∣ 1
4d−1
∣∣.
(d) M4 ↔ | 53 | | 97 | ...
∣∣ 4d−1
1
∣∣.
(2) Trees consisting of one short and one long diagonal are of type F . An F tree is denoted
by
∣∣ j
i
∣∣ where j and i are labels of the terminal vertices of the long diagonal; the number
j, indicates that there exists a short diagonal of the opposite color joining the vertex
j − 1 to j + 1. Two F signatures are opposite if they have opposite F -trees: i.e. if their
indexes are switched. For instance F+ =
∣∣ j
i
∣∣ and F− = ∣∣ ij ∣∣ are opposite. A signature
with only M and F trees is called an F -signature. A signature of type F⊗m has exactly
m trees of type F (and other of type M).
(3) Trees consisting of two long diagonals are of type S. An S tree is denoted by
[
i,j
k,l
]
,
where the first line gives the coordinates of a long diagonal (i, j), the second line gives
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the coordinates of the second long diagonal (k, l). A signature with only M and S trees
is called an S-signature. As for the previous family of signatures, a signature is of type
S⊗m if there exists m trees of type S, the other are M trees. We focus on S trees given
by pairs of diagonals (i, j) and (i+ 1, j+ 1) or (i, j) and (i− 1, j− 1) and call the narrow
S trees. If we have a signature S⊗d−2 then all the S trees are narrow. A pair of S-trees
are opposite if the matrices are of type S+ =
[
i,j
i+1,j−1
]
and S− =
[
i,j
i−1,j+1
]
.
(4) The combination of F , S and M trees gives an FS-signature.
The figure 6 presents examples of signatures of type M,F, S and FS, for d = 4. Each signature
is indexed by its algebraic notation and by its contracted notation. In the contracted notation
the parenthesis
(
j
j±1
)
replaces the sequence of repetitive motifs and the orientation.
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
M
| 13 | | 57 | | 911 | | 1315 |
( 13 )
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
F
| 31 | | 60 | | 911 | | 1315 |
| 60 | ( 911 )
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
S
| 31 | [ 5 156 0 ] | 97 ] | 1311 |
[ 5 156 0 ] (
9
7 )
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
FS
| 31 | [ 5 156 0 ] | 814 ] | 1311 |
[ 5 156 0 ] | 814 |
Figure 6. Examples of M,F, S and FS trees and their matrices for d = 4
3.1.2. Classification of the signatures for d = 3. In this subsection we consider for the case of
d = 3 not only the generic signatures but also the signatures of non zero codimension. For each
codimension, we give the number of generic signatures and classified by characteristic paterns.
Signatures of codimension 0:
In the decomposition by signatures of DPol3, there exist 22 generic signatures among which
there are four M signatures, six S signatures (containing only one S tree) and twelve F signatures
(six with one red long diagonal and six with one long blue diagonal):
• 4 signatures of type M:
• 6 signatures of type S:
• 12 signatures of type F:
In addition to generic classes there exist
GEOMETRIC INVARIANTS OF THE CONFIGURATION SPACE 9
• 48 signatures of codimension 1, four families of twelve signatures which are equivalent
up to rotation;
• 30 signatures of codimension 2;
• 4 signatures of codimension 3.
Let us notice that the alternating sum of the number Nk of k-codimemsional signatures∑3
k=0(−1)kNk = 0.
Signatures of codimension 1:
Diagrams of codimension 2:
• 1 family of order 6
• 2 families of order 12
Signatures of codimension 3:
• 1 familiy of order 4
Lemma 4. Let σ be a generic signature, having all red (resp. blue) diagonals short. Consider
a pair of adjoining F trees, of long blue (resp. red) diagonals (i, j)(j + 2, k) and deform them by
a Whitehead move. If k = i− 2 mod 4d, then the number of blue (resp. red) short diagonals is
increased by two. Otherwise, the number is increased by one.
Proof. Consider the first case. Applying a Whitehead move onto this pair of diagonals induces a
new signature, where the new pair of diagonals is (i, i− 2)(j, j + 2), which are both short in the
sense of the definition 3. So, the number of short blue (resp. red) diagonals is increased by two.
Concerning the second case, the Whitehead move applied to the pair of diagonals (i, j)(i− 2, k)
induces (i, i − 2)(j, k), where (i, i − 2) is a short diagonal. So, the number of short blue (resp.
red) diagonals is increased by one. 
Corollary 5. Consider a generic signature σ having only short red (resp. blue) diagonals. The
repetitive application of Whitehead moves onto pairs of blue (resp. red) diagonals induces an
M -signature, in a finite number of Whitehead moves.
Lemma 6. Let σ be a generic signature having all red (resp. blue) short diagonals. Consider
a pair of non-successive, adjoining blue diagonals in σ. Then, applying a Whitehead move onto
this pair of diagonals we have one of the following situation:
(1) the number of long blue (resp. red) diagonals increases by two, if both diagonals are
short,
10 N. COMBE
(2) the number of long blue (resp. red) diagonals increases by one, if one of the diagonals is
short,
(3) if both diagonals are long a new pair of long diagonals appears.
Proof. Let Let (i, j) and (l, k) be the pair of blue (resp. red) diagonals.
• If both diagonals are short then |i − j| = |l − k| = 2, where k 6= j + 2 mod 4d, and
l 6= i−2 mod 4d (using definition 3 and definition 6). So, applying the Whitehead move
onto the pair (i, j) and (k, l) induces the new pair of diagonals (i, k)(j, l), where |i−l| 6= 2
and |l − j| 6= 2.
• Let us suppose, without loss of generality, that (k, l) is short. Applying the Whitehead
move onto (i, j) and (k, k+ 2) gives the pair of diagonals (i, k+ 2)(j, k). Since (i, j) and
(k, l) are non-successive, then l 6= i − 2 and k 6= j + 2. Therefore, |i − k − 2| 6= 2 and
|j−k| 6= 2. Since both diagonals are long, the number of long blue (resp. red) diagonals,
is increased by one.
• Let us apply a Whitehead move onto the pair of diagonals (i, j) and (k, l). Since (i, j)
and (k, l) are disjoint and belong to a given signature σ, their terminal vertices verify
k ≡ i ≡ 1 mod 4 and j ≡ l ≡ 3 mod 4 (see definition 2). This pair is first modified by a
half-Whitehead move into a pair of diagonals meeting at one point: (i, k)(j, l). This pair
is then modified by a smoothing Whitehead move, which induces the unique possible
pair of diagonals (i, l)(j, k).

3.2. Adjacence relations. We recall a few results from [11].
Theorem 7 (Adjacence theorem). Let d > 3. The relations between generic signatures obtained
in one Whitehead-moves are the following:
(1) M -signatures are connected only to d(d− 1) F -signatures ((d2) red and (d2) blue);
(2) F -signatures are connected to M -, S-signatures;
(3) S-signatures are connected only to FS-signatures or S-signatures .
Proof.
• Consider an M tree. By lemma 6, we know that in one Whitehead move applied onto a
pair of the short diagonals, we obtain a signature having a pair of long diagonals. This
is an F -signature. There exist d blue or red diagonals. Choosing a pair of blue (or red)
diagonals gives
(
d
2
)
possibilities. Therefore we have d(d− 1) adjacent F -signatures to an
M -signature.
• Consider an F signature. One Whitehead move applied onto a pair of short red diagonals
in a pair of adjoining F trees gives S trees. If there exist no other long diagonals in the
signature, then this is an S-signature. Otherwise, it is a FS-signature. From (1) we
know that F -signatures are connected to M signatures.
• Consider two adjoining trees, one of those trees being an S tree. If the other one is
an M tree then applying a Whitehead move to a pair of adjoining diagonals gives an
FS-signature (this follows form lemma 6). Otherwise, we have a couple of adjoining F
trees.

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( 13 )
| 17 |
| 111 || 93 |
| 133 |
| 515 || 137 |
| 511 |
| 915 |
| 60 |
| 28 || 100 |
| 212 |
| 144 || 612 |
| 104 | | 148 |
Deformation of the M2-signature ( 13 )
| 010 |
M3
∣∣∣ 1,110,10 ∣∣∣
| 06 | | 410 |
| 010 || 82 || 010 || 39 |
∣∣ 15,9
0,10
∣∣ | 71 | ∣∣∣ 15,50,10 ∣∣∣
Deformation of the F -signature | 010 |
[
1,11
10,0
]
| 39 |
[
1,11
10,0
]
| 82 |
[
1,11
10,0
]
| 71 || 100 |
| 410 || 111 |
| 111 |
| 010 |
∣∣∣ 1,110,6 ∣∣∣∣∣∣ 0,1011,5 ∣∣∣
Deformation of the S-signature
[
1,11
10,0
]
Figure 7. Example of deformations of an M,F and S-signatures
Theorem 8. [11] Let σ ∈ Σd be a generic signature. Then, for every σ there exists a sequence
of Whitehead moves starting at σ and ending on an M -signature.
Proof. The proof is by induction on the number of long blue diagonals. Let σ be generic signature
such that on the left side of a long blue diagonal there exist only short diagonals of red and blue
color.
(1) Base case. Let σ have only one long blue diagonal. Then two cases are discussed:
(a) The red diagonals are all short.
(b) Not all red diagonals are short.
Consider the first case. Let us apply one of the lemma 4 onto the long blue diagonal and
the blue short diagonals on its right side. Each such Whitehead move step increases by
one the number of short blue diagonals. So, we proceed using this method until there
are d short diagonals in the signature: this is an M signature. Consider the second case,
where we have k red long diagonals. Then, the union of the long blue diagonal and of
these k long red diagonals compartment the signature into q disjoint adjacent 2-cells
lying in C \ σ. If we consider each of these regions independently from the signature, we
can interpret them as local M -signatures of smaller degree than d.
Apply lemma 4 to the long blue diagonal lying in one compartment a finite number
of times (Whitehead moves on the long blue diagonal and short blue diagonals in the
compartment). This compartment is thus, locally, an M -signature. Let L be the new
long blue diagonal, obtained from this procedure. This diagonal L intersects now an
adjacent compartment.
As previously, we apply lemma 4 a finite number of times onto L and the short blue
diagonals in the adjacent compartment, in order to have a local M -signature.
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Proceeding in this way on the blue long diagonal for all adjacent compartments, gives
in final only short blue diagonals in the signature, which defines an F-signature. The
remaining step is to apply the same procedure done for the blue long diagonals onto the
red long diagonals: after a finite number of Whitehead moves all the red diagonals are
short and this defines an M signature.
(2) Induction case. Suppose that for a signature with m long blue diagonals there exists a
path from the signature to an M signature. Let us show that for m + 1 long diagonals
this statement is also true. Take a block of adjacent m long diagonals and apply the
induction hypothesis to it. Then there exists a finite number of deformations such that
these m long blue and red diagonals are all short, leaving only one long blue diagonal in
the signature. We can thus apply the case (1) from the discussion above.

Remark 2. The theorem 8 above can be interpreted as the path connectedness of DPold, from
which we recover the fact that DPold is connected since, as the complement of a hyperplane
arrangement it is a open subset of Cd.
4. Inclusion diagrams
In this section we show the existence of geometric invariants of configuration spaces. These
geometric invariants (that we call inclusion diagrams) are obtained from the topological stratifi-
cation. These objects are constructed by studying the incidence and adjacence relations between
strata. As a corollary from previous works [14], we show that these geometric objects are in
bijection with the nerve of the Cˇech cover. For simplicity, we define those geometric invariants
directly as the nerve of this cover.
4.1. Combinatorial closure of a signature. A contracting half Whitehead move defines a
partial strict order (≺) on the set Σd of all signatures. Let σ, τ ∈ Σd in such a subset, we say
that σ ≺ τ if there exists a sequence of signatures σ = σ1 ≺ σ2... ≺ σn = τ . The symbol ≺ is an
incidence relation between those signatures.
Lemma 9. The incidence relation on the set Σd forms a partial strict order.
Proof. Clearly, we have an irreflexive relation: σ ≺ σ does not hold for any σ in Σd, and
a transitive relation. We prove that the relation is antisymmetric. If one has σ ≺ τ then
codim(τ) > codim(σ). This strict order ≺ induces the partial partial order  by
σ  τ =
{
σ ≺ τ if codim(τ) > codim(σ),
σ = τ if codim(τ) = codim(σ).

Definition 9. The set of σ and all signatures incident to the signature σ will be denoted by σ.
By abuse of notation we call σ the combinatorial closure of σ.
From [11, 12] we know that the combinatorial closure of an elementa is equivalent to its
topological closure, i.e.:
Aσ =
⋃
τ∈σ¯
Aτ = Aσ.
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4.2. Properties of inclusion diagram. Let us consider the union of topological closure of Aσ
and its tubular Tub neighborhood [11, 12], we call A+σ = Aσ ∪ Tub the thickened elementa. The
set of thickened elementa A+σg for generic σg forms a good cover of
DPold, in the sense of Cˇech
(i.e. multiple intersections are either empty or contractible). The nerve N of this Cˇech covering
is the cell complex on the vertex set ΣG of generic signatures, consisting of those finite non-empty
subsets I of ΣG such that ∩i∈I A+σi 6= ∅.
Definition 10. We call inclusion diagram the cell complex (W,⊂), where the set of its k-faces
is in bijection with the set of codimension k-elementa and which is order-preserving.
So, if a couple (Wσ,Wτ ) in the inclusion diagram verifies Wσ ⊂Wτ , then σ ≺ τ .
As well, suppose that an element Aµ of codimension k is incident to a collection of elementa
Aσ1 , ..., Aσm of smaller codimensions, such that Aµ ⊂
⋂m
i=1Aσi . Then, in the inclusion diagram,
the collection of faces Wσ1 , ...,Wσm lies in the boundary of a k-dimensional face Wµ.
Corollary 10. The inclusion diagram is isomorphic to the nerve N of the cover (A+σg )σg∈ΣG .
Lemma 11 (Edges and 2-faces of the inclusion diagram). Let (W,⊂) be the inclusion diagram
associated to (Aσ)σ∈Σd . Then:
(1) each 1-dimensional face in W is bounded by 2 vertices.
(2) each 2-dimensional face in W is bounded by 4 vertices, 4 edges and forms a quadrangle.
Proof. Statement (1): Consider a signature β, of codimension 1. Then, by definition 5 there
exists a pair of intersecting chords of the same color. Suppose that the set of indexes of terminal
vertices of those diagonals is {i, j, k, l} where i < j < k < l. Those numbers i, j, k, l are of the
same parity and by definition 2 verify: i ≡ k ≡ 1 mod 4 and j ≡ l ≡ 3 mod 4 (resp. i ≡ k ≡ 2
mod 4 and j ≡ l ≡ 0 mod 4). Again, from definition 2 we know that in a generic signature
each terminal vertex congruent to 1 mod 4 (resp. 2 mod 4) is attached by an edge to a
terminal vertex which is congruent to 3 mod 4 (resp. 0 mod 4 ). So, using a smoothing half-
Whitehead move the intersection point is smoothed and we obtain two different possible pairs
of diagonals: (i, j)(k, l) or (i, l)(j, k), with all the other diagonals of the signature remaining
invariant. So, applying the definition 10 to construct the inclusion diagram, we have that each
1-dimensional face (corresponding to a codimension 1 signature) in W is bounded by exactly 2
vertices (corresponding to the signatures obtained by smoothing the meeting point in β).
Statement (2): Consider a signature of codimension 2, denoted by ω. By definition 5, there
exist two critical points. Applying the smoothing half-Whitehead move onto one of the critical
points gives two different possible signatures of codimension 1 (this last statement follows from
the first point above). So, applying the same arguments to the second critical point, implies
that there exist four signatures of codimension 1, incident to ω. In other words: there exist
{β0, β1, β2, β3} ≺ ω, where codim(βi) = 1 and i ∈ {0, ..., 3}. The smoothing modification applied
simultaneously to both critical points, gives four codimension 0 signatures, all incident to ω:
{σ0, σ1, σ2, σ3} ≺ ω. Applying (1) to every diagram of codimension 1 implies that there exist
two signatures of codimension 0 , which are incident to each signature of codimension 1. So, we
obtain the following relations:
{σ0, σ1} ≺ β0,
{σ1, σ2} ≺ β1,
{σ2, σ3} ≺ β2,
{σ3, σ0} ≺ β3
The construction of the inclusion diagram W from definition 10, implies that we have a quad-
rangle. 
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Example 2. An explicit construction of the inclusion diagrams is given below, for d = 2. We
illustrate the relations between the diagrams.
There exist 4 generic signatures and 4 signatures of codimension 1, illustrated on the figure
below.
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
0
2
4
6
13
5 7
Figure 8. Relations between diagrams for d = 2
Note, that in this case (d = 2), there are no 2-faces. Indeed, composing by two Whitehead
moves on the pairs of chords of red and blue color, gives a a superimposition of chord diagrams
which is not compatible with the definition 2.
Therefore, the inclusion diagramW for this d = 2 case, is a quadrangle (see Fig 9) constituted
from:
(1) four vertices, corresponding to the generic signatures,
(2) four edges, corresponding to the codimension 1 signatures
M1
M2
M3
M4
Figure 9. Inclusion diagram for d = 2
Corollary 12.
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• Let σ0 and σ1 be two generic signatures. If σ0 and σ1 are both incident to a signature of
codimension 1, then this signature of codimension 1 is unique.
• Let σ0, σ1, σ2, σ3 be four generic signatures. If these signatures are incident to a signature
of codimension 2 , then this signature of codimension 2 is unique.
4.3. Structure of inclusion diagrams.
Theorem 13. Let d > 2. The inclusion diagram is a cell-complex.
Proof. Let Xn be the set set of faces of dimension n. We know that each n-face in Xn is a
topological ball of dimension n. Indeed, for n = 0: the set X0 is the set of vertices of the
inclusion diagram. Now, for any n, the set Xn is in bijection with the set of codimension n
signatures, which are the indices of elementa of codimension n. Those elementa are known to
be topological balls of codimension n, from [11, 12]. So, the face of Xn are n-balls. The glueing
between faces is done by the following criterion: if two signatures verify τ ≺ τ ′ such that k =
codim(τ) < codim(τ ′) = k+1, then Aτ ′ ⊂ Aτ¯ . In particular, the k-face fτ in Xk (corresponding
to τ) lies in the boundary of the face fτ ′ (corresponding to τ
′) where dim(fτ )+1 = dim(fτ ′). 
For any d > 2, the inclusion diagram contains two main parts: a part that we call exterior
part and a part to which we refer as an interior part.
(1) The exterior part is formed from a necklace of four beads. Those beads, denoted NCd,
are obtained from a union of cells of the cell complex, forming a connected component.
A structure NCd is a linearly ordered subset of (Σd,≺) with one upper bound σ having d
blue (resp. red) chords intersecting at one point. The notation NCd (or NC in short) is
due to the relation with the non-crossing partition of the set of d elements {1, 2, ..., d} [36].
Indeed, there is a bijection between the set of vertices in a NCd structure and the set of
non-crossing partitions of {1, 2, ..., d}. Consider the upper bound of an NC structure: it
is a signature with d short diagonals of a given color and d long diagonals intersecting
in one vertex v¯ of the other color. The vertex is of valency 2d. Two NC structures are
said to be of the same color if the intersecting chords of the upper bound signature are
of the same color. In each NC there exist two M -signatures. Those NC structures are
connected one to another by the M -signatures (see an example of one of NC4 structures,
figures 10 and 11).
M3 F M1
F
M2FM4
F
S
NC
NC
NC NC
Figure 10. Exterior structure: NCd are drawn as black lines between the M -
signatures. Horizontal, vertical bridge structures
In the case of d = 4, the connections between M1 and M3 are represented on figure 11.
The other connections in figure 10 are of the same type. The edges in figure 11 correspond
to signatures of codimension 1. The signatures of codimensions 3, 4 and 5 corresponding
to the faces of higher dimensions are depicted below.
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M1
| 313 |
| 159 |
| 115 |
| 71 |
| 313 || 115 |
| 71 || 159 |
| 155 || 713 |
| 39 || 111 |
| 713 |
| 111 |
| 155 |
| 39 |
M3
Figure 11. One of NC4 structures.
codim(3)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
codim(3)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
codim(4)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
codim(4)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
codim(4)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
codim(5)
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
Figure 12. Diagrams of codimensions 3,4, and 5 between M1 and M3
(2) The interior part is divided into two structures: bridges B and open-book O.
• A bridge B is a linearly ordered subset with one upper bound. This upper bound is
incident to a couple of opposite F -signatures, respectively lying in NC structures
of the same color. In figure 10, one vertical (resp. horizontal) bridge structures is
drawn as a red (resp. green) line.
| 511 |
| 511 | | 212 |
[ 5,11
6,16
] [ 5,11
4,10
] [ 5,11
6,12
] | 144 |
[ 5,11
6,12
] [ 5,11
10,16
] [ 5,11
4,14
] [ 5,11
4,10
] | 212 |
| 115 |
Figure 13. Example of bridge structures between two opposite NC4 substructures
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• An open book O is a linearly ordered subset having one upper bound incident to
generic signatures lying in two adjacent NC structures of the opposite color. This
upper bound is a signature of codimension 2d − 4 having at least two intersection
points of different colors. Notice that O substructures exist only for d > 3.
Proposition 14. For any d > 1 there exist four structures NCd which are glued one to another
by their M -signatures, so that each M -signature is incident to only two NCd structures of the
opposite colors and a pair of NCd structures have at most one M -signature in common.
Proof. We know that there exists four NCd structures in the inclusion diagram, where each NCd
structure containing among its set of vertices a pair of M -signatures, for any d > 1. The vertices
along which the NCd are glued to each other are the M -signatures. An M -signature is a vertex
of valency 2
(
d
2
)
, since there exist
(
d
2
)
possibilities to make one Whitehead move starting form
an M -signature for the red (resp. blue) diagonals (theorem 7). So, this argument shows that
an M -signature is the intersection of a pair of NCd structures of each color. Suppose, that this
common M -signature is denoted by M1. Note, that there still remain two M -signatures in this
pair of NCd structures. We will show that the two remaining M -signatures are different. Indeed,
in one NCd structure only the red diagonals were modified; in the other NCd structure only the
blue diagonals were modified. Therefore, in the first NCd structure, the ending M -signature
has different blue diagonals than in M1 and in the second NCd structure the M -signature has
different red diagonals than in M1. Now, since there exist four M -signatures, the four NCd
structures are glued to each other by their M -signatures, and a pair of NCd structures have at
most one M -signature in common. 
Example 3. Inclusion diagram for d = 3 The figure 14 illustrates the inclusion diagram for
d = 3, using the matricial notation.
M3 M1
| 71 |
| 39 |
| 115 |
| 511 |
| 93 |
| 17 |
M4 M2
| 82 | | 410 | | 126 | | 612 | | 104 | | 28 |
[
6,12
5,11
][ 3,94,10 ]
[
1,7
2,8
]
[
4,10
5,11
][ 2,83,9 ]
[
12,6
1,7
]
Figure 14. Inclusion diagram for d = 3
For any The inclusion diagram contains two distinct parts:
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(1) The four substructures in black are the NC3 substructures.They connect pairs of M -
signatures, having the same short diagonals of a given color. Except from M -signatures,
these black substructures contain three vertices corresponding to F -signatures. The
3-face of the black substructure corresponds to the codimension 3 signature and it is
incident to three 2-faces which correspond to the codimension 2 signatures. Those sig-
natures have two inner vertices, incident to four edges of the same color and three inner
vertices which are incident to four edges of alternating colors.
(2) The substructure with colored edges. This colored part of the inclusion diagram corre-
sponds to the parts which appear in the construction given in figure ??. In particular,
the vertices in this colored part are the S-signatures. The 2-faces in the interior part
correspond to codimension 2 signatures. Those signatures of codimension 2, in addition
to the three inner nodes with incident edges of alternating color, have one inner vertex
incident to 4 blue edges and the other one incident to 4 red edges.
This inclusion diagram is resumed by the construction in Appendix A: Figure 18 and Figure 19.
• The first quadrangle 2-face connecting the following two F -signatures and two S-signatures
| 28 |,| 82 |,
[ 1,7
2,8
]
and
[ 2,8
3,9
]
corresponds in figure 14 to the blue vertical cycle. The F -
signatures have one long red diagonal.
• The second quadrangle 2-face connecting the following two F -signatures and two S-
signatures | 93 |, | 39 |,
[ 2,8
3,9
]
,
[ 3,9
4,10
]
corresponds in figure 14 to the blue horizontal cycle.
The F -signatures have two long blue diagonals.
4.4. Q-diagrams and Q-pieces. In the following, for d ≥ 3 we introduce the notions of Q-
diagrams and Q-pieces.
Definition 11. (1) A Q-diagram is a signature in Σd, having (d − 2) S-trees. This Q-
diagram is a superimposition of two monochromatic diagrams (one blue, one red) both
having d − 2 long diagonals; the red (resp.blue) diagram is turned through pi4d relatively
to the center of the diagram and to the blue (resp. red) diagram. By L we denote the
reflection axis of the blue (resp. red) diagram. It is parallel to the long diagonals.
(2) A Q-piece is the union of elementa Aσ, indexed by those signatures which are adjacent
to a Q-diagram, and having at least one long diagonal parallel to the ones of the Q-
diagram. To this set of signatures, we add those M -signatures, being adjacent to them,
in a minimal number of Whitehead moves.
(3) A pair of adjacent Q-pieces denoted (Qi, Qi+1) verify the following properties:
(a) (Copy and Paste): There exists an identity map from the set of blue (resp. red)
monochromatic diagrams in the Qi-piece to the set of blue (resp. red) monochromatic
diagrams in the Qi+1-piece.
(b) (Copy/Paste and Rotate): There exists an identity map from the set of red (resp.
blue) monochromatic diagrams in the Qi-piece to the set of red (resp. blue) monochro-
matic diagrams in the Qi+1-piece, composed with a rotation of − pi2d about the center
of the polygon.
(c) One signature in a Qi-piece is bijectively mapped to another one in the Qi+1-piece,
if their blue (resp. red) monochromatic diagrams are identical and if their red (resp.
blue) monochromatic diagrams are symmetric to each other, about the reflection axis
L of the blue (resp. red) monochromatic Q-diagram. Any pair of such signatures
are said to be consecutive.
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(4) A Connection piece is the union of elementa which glue a pair of adjacent Q-pieces
together.
A Q-diagram is associated to a matrix [ L0L1 ] where L0 (resp. L1) describes the monochromatic
blue (resp. red) diagram in terms of pairs of indices of terminal vertices. A pairing of integers
i, j, denoted by (i, j), corresponds, in the signature, to a diagonal connecting the terminal ver-
tices labeled respectively by i and j; The integers in L0 and L1 belong respectively to the sets
{0, 2...., 4d− 2} and {1, 3, ..., 4d− 1}.
Definition 12. The matrix of the Q-diagram satisfies the following conditions:
- The matrix is of size (d − 2) × 2, where each column of the matrix contains a pairing of
integers of the same parity;
- in one column: there is a couple of pairs of integers, which correspond to intersecting diag-
onals of opposite colors;
- the first and the last columns of the matrix contains the pair of numbers on the terminal
vertices of the shortest long diagonals;
- the paired integers, lying in adjacent columns, correspond to a pair of adjoining diagonals
(i.e. lying in the boundary of a 2-cell in D \ σ).
Lemma 15. Consider the 2d regular polygon formed from the blue (resp. red) terminal vertices
in a signature. Let r be the rotation through pi2d about the center of the polygon. Let (i, j) be a
diagonal of the polygon. So, rk : (i, j) 7→ (i+ 2k, j + 2k) mod 4d.
Proof. Le us proceed by induction on the angle kpi2d .
(1) Base case. Let k = 1. Let us rotate by r = pi2d the diagonal (i, j). Since i, j ∈ {1, 3, .., 4d−
1} (resp.{2,4,..,4d} ) are the vertices of a regular 2d-gon, then the rotation maps the
diagonal (i, j) to the diagonal (i+ 2, j + 2).
(2) Induction case. Suppose that for a given k in {1, ..., 2d} the statement is true: the
diagonal (i, j) rotated by an angle rk = kpi2d is mapped onto the diagonal (i+ 2k, j + 2k).
Let us show that for k + 1 the statement is true. We rotate about an angle (k+1)pi2d the
diagonal (i, j). By induction hypothesis rotating by kpi2d maps (i, j) onto (i+ 2k, j + 2k).
Rotating the diagonal (i+ 2k, j+ 2k) by an angle of pi2d maps it by (1) onto the diagonal
(i+ 2k + 2, j + 2k + 2) i.e. (i+ 2(k + 1), j + 2(k + 1)).

Example 4. Adjacent Q-pieces of the inclusion diagram for d = 4 In this example, we detail the
construction by induction of the inclusion diagram for d = 4 .
• There are eight Q-pieces. Each Q-piece satisfies the relations in figure 15.
• Each pair of adjacent Q-pieces are connected by a connection piece.
• Two consecutive Q-diagrams are related by the following commutative diagram:[
i,i+6
i+15,i+5
][
i+14,i+8
i+13,i+7
]
∣∣∣ i+14i+8 ∣∣∣∣∣∣ i+6i ∣∣∣ ∣∣∣ i+8i+14 ∣∣∣[ i,i+6i+5,i+5 ]
∣∣∣ i+4i+8 ∣∣∣[ i+1,i+7i,i+6 ] ∣∣∣ ii+6 ∣∣∣∣∣∣ i+8i+14 ∣∣∣∣∣∣ i,i+6i+1,i+7 ∣∣∣∣∣∣ i+8,1+14i+9,i+15 ∣∣∣
In the following paragraph, the explicit construction of the first two Q-pieces is done. An
illustration of this construction is in Figure 15.
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(1) Let us start with the first Q-piece, having the Q diagram
[ 1,11 3,9
0,10 2,8
]
.
(a) Apply a Whitehead-move to the pair of blue diagonals (2, 8), (4, 6), where (2, 8)
belongs to the Q-diagram and (4, 6) is a short adjacent diagonal, in order to ob-
tain
[ 1,11
0,10
] | 93 |. So, one obtains an FS-signature. Let us deform the long red di-
agonal in the F -tree | 93 | with the short red diagonal in the M tree | 57 |: it gives
an M tree. So, there remains only one S diagram:
[ 1,11
0,10
]
. The F -signatures,
obtained from this S-signature by a minimal number of Whitehead moves are:
| 71 | , | 010 | , | 100 | , | 111 | , | 111 | , | 410 |.
(b) Deform the pair of blue diagonals (0, 10),(12, 14): this gives an SF -signature | 111 |
[ 3,9
2,8
]
.
Deform the long red diagonal in the F -tree | 111 | with the short red one, in the M
tree | 1315 |. This gives also an M tree and so, there remains one S diagram:
[ 3,9
2,8
]
.
The F -signatures which are obtained from this S diagram by a minimal number of
deformation operations are | 159 | , | 28 | , | 82 | , | 122 | , | 39 | , | 93 |.
(2) The generic signatures of an adjacent Q-piece to the previous one are described below.
This construction is done in two steps.
(a) The adjacentQ-piece contains the followingQ-diagram
[ 0,10 2,8
15,9 1,7
]
and the S-signature[ 1,7
2,8
]
, which is obtained in one Whitehead moves, vie two possible ways. The first
possibility is to deform a pair of blue diagonals giving the FS-signature | 100 |
[ 2,8
1,7
]
.
The second possibility is to deform the pair of red diagonals giving an FS-signature
| 159 |
[ 2,8
1,7
]
. The S signature
[ 2,8
1,7
]
is adjacent after one Whitehead move to the
following F -signatures: | 159 |, | 915 |, | 111 |, | 148 |, | 28 |, | 82 |.
(b) The Q-diagram
[ 0,10 2,8
15,9 1,7
]
is also adjacent to the S-signature
[ 15,9
0,10
]
. This is obtained
by deforming a pair of red diagonals giving the FS-signature | 100 |
[ 15,9
0,10
]
, or a pair of
blue diagonals giving an FS-signature | 82 |
[ 2,8
1,7
]
. The S signature
[ 15,9
0,10
]
is adjacent
after one Whitehead move to the following F -signatures | 71 | , | 17 | , | 60 | , | 39 | , | 010 |, | 100 |.
Lemma 16. Let d = 4 and i ∈ {0, .., 2d − 1}. Any pair of adjacent Q-pieces (Qi, Qi+1) can be
constructed from the first two (Q1, Q2).
Proof. Any Q-piece in DPol4 can be constructed by the following method. Let k ∈ {0, 1, ..., 4d−
1}. By lemma 15, adding 2k to all the pairs of integers of the matrix is equivalent to rotating
the diagram by kpi2d about the center of the disc.
(1) Consider the Q-diagram
[
1+2k,11+2k 3+2k,9+2k
0+2k,10+2k 2+2k,8+2k
]
. Deform the pair of diagonals blue di-
agonals (2 + 2k, 8 + 2k), (4 + 2k, 6 + 2k). This gives
[
1+2k,11+2k
0+2k,10+2k
] ∣∣ 9+2k
3+2k
∣∣. This is an
FS-signature. Reciprocally, deform the long red diagonal in
∣∣ 9+2k
3+2k
∣∣ with the short red di-
agonal in the M tree
∣∣ 5+2k
7+2k
∣∣. It gives an M tree, leaving the diagram to be an S-signature[
1+2k,11+2k
0+2k,10+2k
]
. It is easy to obtain the F signatures, obtained from the S-signature in a
minimal number of Whitehead moves. Those signatures are:∣∣ 7+2k
1+2k
∣∣, ∣∣ 0+2k10+2k ∣∣ ,∣∣ 10+2k0+2k ∣∣ , ∣∣ 11+2k1+2k ∣∣,∣∣ 1+2k11+2k ∣∣ , ∣∣ 4+2k10+2k ∣∣.
(2) Deform the pair of blue diagonals (0 + 2k, 10 + 2k), (12 + 2k, 14 + 2k) in order to obtain∣∣ 11+2k
1+2k
∣∣ [ 3+2k,9+2k
2+2k,8+2k
]
. So, one obtains an SF -signature. Let us deform the long blue
diagonal in the tree
∣∣ 11+2k
1+2k
∣∣ with the short blue diagonal in the M tree ∣∣ 13+2i15+2i ∣∣. This
turns it into an M tree and so, we have the S-signature
[
3+2k,9+2k
2+2k,8+2k
]
. The F -signatures
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| 111 | | 111 | | 39 | | 93 |
| 111 | | 111 | | 93 | | 39 |
M4 | 410 | | 111 |
| 410 |
| 39 |
[ 1,11
10,0
] | 111 | [ 3,92,8 ] | 122 | | 93 |
| 122 |
M4[ 1,11
0,10
] [ 1,11 3,9
0,10 2,8
] [ 3,9
2,8
]
M1
| 71 | | 100 |
| 71 |
| 100 |
| 82 |
[ 1,11
10,0
] | 010 | [ 3,92,8 ] | 28 | | 159 |
| 159 |
| 28 |
M1| 010 | | 28 | | 100 ]
| 82 | | 010 ]
| 82 |
| 010 | | 39 |
M3
| 39 |
| 28 |
[ 0,10
9,15
] | 100 | [ 2,81,7 ] | 82 | | 111 |
| 111 |
M3
[ 15,9
0,10
] [ 0,10 2,8
9,15 1,7
] [ 2,8
1,7
]
| 60 |
| 60 | | 915 |M2
| 915 |
| 71 |
[ 0,10
9,15
] | 159 | [ 2,81,7 ] | 148 | | 17 ||
14
8 |
| 17 |
M2
| 159 | | 17 | | 915 | | 71 |
| 71 | | 159 |
M4
M4
| 814 | | 06 |
M2
Figure 15. The first two adjacent Q-pieces for d = 4
which are obtained from this S-signature by a minimal number of deformation operations
are
∣∣ 15+2k
9+2k
∣∣ , ∣∣ 2+2k8+2k ∣∣ , ∣∣ 8+2k2+2k ∣∣ , ∣∣ 12+2k2+2k ∣∣ , ∣∣ 3+2k9+2k ∣∣ , ∣∣ 9+2k3+2k ∣∣.
(3) The adjacent Q-piece to the previous one, contains the following Q-diagram:[
0+2k,10+2k 2+2k,8+2k
15+2k,9+2k 1+2k,7+2k
]
.
The adjacent S-signature, via Whitehead move, is
[
1+2k,7+2k
2+2k,8+2k
]
. It is obtained by
deforming a pair of red diagonals giving the FS diagram
∣∣ 10+2k
0+2k
∣∣ [ 2+2k,8+2k
1+2k,7+2k
]
, or a
pair of blue diagonals giving an FS-signature
∣∣ 15+2k
9+2k
∣∣ [ 2+2k,8+2k
1+2k,7+2k
]
. The S-signature[
2+2k,8+2k
1+2k,7+2k
]
is adjacent after one deformation operation to the following F -signatures∣∣ 15+2k
9+2k
∣∣ ,∣∣ 9+2k15+2k ∣∣, ∣∣ 11+2k1+2k ∣∣ , ∣∣ 14+2k8+2k ∣∣∣∣ 2+2k8+2k ∣∣ ∣∣ 8+2k2+2k ∣∣.
(4) The Q-piece contains the Q-diagram
[
0+2k,10+2k 2+2k,8+2k
15+2k,9+2k 1+2k,7+2k
]
and an adjacent S-signature[
15+2k,9+2k
0+2k,10+2k
]
obtained by deforming a pair of blue diagonals giving the FS diagram∣∣ 10+2k
0+2k
∣∣ [ 15+2k,9+2k
0+2k,10+2k
]
, or a pair of red diagonals giving an FS-signature
∣∣ 8+2k
2+2k
∣∣ [ 2+2k,8+2k
1+2k,7+2k
]
.
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The S-signature
[
15+2k,9+2k
0+2k,10+2k
]
is adjacent after one deformation operation to the following
F -signatures
∣∣ 7+2k
1+2k
∣∣ , ∣∣ 1+2k7+2k ∣∣ , ∣∣ 6+2k0+2k ∣∣ , ∣∣ 3+2k9+2k ∣∣ ∣∣ 0+2k10+2k ∣∣ ∣∣ 10+2k0+2k ∣∣.
Note that here we only use the generic signatures and the codimension 1 signatures. To have
the higher codimension signatures, we determine among the decomposition in Q-pieces the B,O
and NC structures. 
5. Decomposition invariant under Coxeter groups
5.1. Adjacence, chambers and galleries. In this section, we show that the decomposition in
elementa (discussed previously) is invariant under a Coxeter group.
In order to prove the main statement, we use the geometric properties of the Q-piece decom-
position and the fact that signatures are invariant under polyhedral groups since they are the
superimposition of diagrams, having a dihedral symmetry.
Via this method of construction, we show explicitly the existence of chambers and galleries in
the decomposition.
Lemma 17. The group of rotations acting on the Q-diagram is of order 2d.
Proof. Consider in the Q-diagram separately the the blue/red monochromatic diagrams. The
blue (resp. red) diagram has a mirror line L being parallel to the long diagonals. Indexing
the long diagonals from 1 to d − 2, note that if d is even then this mirror line lies between the
diagonals d−22 and
d
2 . If d is odd then, the mirror lies on the diagonal
d−1
2 . Therefore, there
exists a finite group acting independently on both monochromatic diagrams, which is of order of
2d defined by 〈r|r2d = Id〉, r = pi2d . The order of the group of rotations acting on the Q-diagram
is also of order 2d. Thus, rotating the Q-diagram by an angle pi (i.e. 2d rotations by an angle
pi
2d ) gives the identity. 
Lemma 18. For any d > 3, there exist 2d Q-pieces in the decomposition.
Proof. Apply Whitehead moves onto the Q-diagram such that in each of the new generic signa-
tures there remains at least one long blue (or red) diagonal parallel to the mirror line. In one
Whitehead move, one obtains the M , diagrams from an F signature. The union of all the strata
indexed by those signatures defines a Q-piece of the stratification. There are 2d such Q-pieces,
since there exist 2d rotations of a Q-diagram about an angle of pi2d . 
Example 5. Detail of a Q-piece for d = 4 is given in figure 16
To prove that the stratification is invariant under a Coxeter group, we describe the construction
using an inductive procedure.
Lemma 19. Let Q1 and Q2 be two “Q”-diagrams, lying in a pair of adjacent Q-pieces. Then,
their associated matrices verify
Q1 =
[
L0
L1
]
, Q2 =
[
L1
L2:=L1−1
]
,
where the symbol L1 − 1 means that 1 is substracted from each integer in L1 modulo 4d.
Proof. Suppose that Q1 =
[
L0
L1
]
. By hypothesis, since Q2 belongs to an adjacent Q-piece, it
is the superimposition of the blue (resp. red) monochromatic diagram of Q1, and of a red
monochromatic diagram, which is a rotation of −pi2d about the red one of Q1, relatively to the
center of the polygon.
Suppose, that L1 is the pairing of indexes of terminal vertices (a diagonal is an edge connecting
a pair of labelled endverticess) of the monochromatic diagram, common to Q1 and Q2. From
the lemma 15 we have that
[
L1
L0−2
]
in Q2. Now, since the monochromatic diagrams differ by a
rotation about −pi4d we have that L1 = L0 − 1 and thus L2 = L0 − 1, modulo 4d. 
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[ 1,11 3,9
0,10 2,8
]
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
| 39 |
[ 1,11
10,0
] | 111 | [ 9,32,8 ]
| 111 | | 93 |
| 82 |
[ 1,11
10,0
]
| 28 | | 100 |
| 010 |
[ 3,9
2,8
]
Deformation of an SS-signature
| 82 | | 010 |
0
2
4
6
8
10
12
14
1
35
7
9
11 13
15
[ 0,10 2,8
9,15 1,7
]
| 82 |
[ 1,11
10,0
]
| 010 || 82 |
M4
| 010 |
[ 3,9
2,8
]
Deformation of an FF -signature
Figure 16. Some Q-piece details for d = 4
Corollary 20. Any pair of consecutive diagrams lying in adjacent Q-pieces have respectively the
matrices:
Q1 =
[
L0
L1
]
, Q2 =
[
L1
L2:=L1−1
]
,
where the symbol L1 − 1 means that 1 is substracted from each integer in L1 modulo 4d.
Example 6. In the case of d = 3, the adjacent Q-diagrams forming a spine are illustrated in
Appendix A .
The adjacent Q-diagrams for d = 4 is given in appendix, Fig 20.
In the following part, one Whitehead move is an operation on only one pair of diagonals of
the same color. This corresponds to the modification of one generic signature into another one.
Lemma 21. Let Q1 and Q2 be two Q-diagrams, lying in adjacent Q-pieces. Then, these diagrams
are glued to each other via a F⊗d−2 diagram.
Proof. We induct on d > 3 (lower degrees are irrelevant since the Q diagrams do not exist).
• Base case d = 4. The Q diagram [ L0L1 ] has two long blue diagonals and two long red
diagonals. The pair of red and blue long diagonals bound, the same 2-face in D. Let
us modify by a Whitehead move the red diagonals: this operation leaves the (blue) long
diagonals fixed and thus gives a signature of type F⊗2. Therefore, a Q-diagram is con-
nected to F⊗2, in one Whitehead move. Consider in the signature F⊗2 two pairs of
adjoining short red diagonals. In each of those pairs, only one short diagonal intersect a
long blue diagonal. Deform each pair simultaneously by a Whitehead move. One obtains
a signature of type SS, with matrix [ L1L1−1 ].
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Before we consider the general induction case, we enumerate the types of generic
signatures obtained in one Whitehead move from a Q-diagram. One deformation of the
Q-diagram gives an SF signature belong to one of the three following types:
(1) S⊗d−2 is modified in one Whitehead move into a signature S⊗d−3F (or to FS⊗d−3).
This is obtained by modifying a pair of diagonals (one in M and one in adjoining
S, both being of the same color).
(2) S⊗d−2 is deformed in one deformation step to S⊗d−4FF (or to FFS⊗d−4). This is
obtained by modifying a pair of long diagonals: one being the shortest long diagonal
of the signature, the other one being adjoining to it.
(3) S⊗d−2 is deformed in one deformation step to S...SFFS...S where the number of
S is d− 4. This is obtained by deforming a pair of adjoining long diagonals (which
are not the shortest long diagonals of the signature).
• Induction case. Consider a Q-diagram in Σd+1. Assume that the statement is true for
a pair of adjacent Q-pieces where the Q-diagrams belong to Σd and are of type S
⊗d−2.
We will prove that for two signatures of type S⊗d−1 signatures with d−1 pairs of S trees
lying in adjacent Q-pieces, there exists a sequence of deformations containing a signature
of type F⊗d−1. Consider the signature S⊗d−1: it contains one S-tree added at the right
(or left) of S⊗d−2, in the signature. Using the induction hypothesis for S⊗d−2, it is
known that there exists a sequence of deformations from S⊗d−1 to a signature SF⊗d−2
(resp. F⊗d−2S), where S is a tree given by the crossing of the shortest long diagonals
in the signature. It remains to deform a pair of diagonals lying in the S tree and in
its adjoining M tree, so as to obtain a signature F⊗d−1. Now, starting from F⊗d−1,
there exists again, by induction hypothesis, a sequence of Whitehead moves giving the
signature S⊗d−2F (resp. FS⊗d−2). Finally, one more Whitehead move applied to the
pair of short diagonals, lying in the adjoining trees F and M induces the S⊗d−1 signature.

5.2. Main theorems and their proofs. The next result allows a decomposition in chambers
and galleries of the configuration space.
Lemma 22. The group of symmetries of a Q-piece is 〈r|r2 = Id〉.
Proof. Let us describe the construction of a Q-piece. Recall, from the previous lemmas, that the
monochromatic diagrams in a Q-diagram have a mirror line, parallel to the long diagonals.
The set of possible Whitehead moves applied to the set of pairs of diagonals on the right hand
side of the reflection line of the Q-diagram, is the isomorphic to the set of possible Whitehead
moves applied to the set of pairs of diagonals in the left hand side of the reflection line. Therefore,
the set of adjacent signatures to the Q-diagram, via Whitehead moves, forming a Q-piece is
invariant under the group 〈r|r2 = Id〉.

Lemma 23. If d is even, then the Q-piece has two reflections, in the sense of Coxeter groups.
Proof. From lemma 22, it is known that in a Q-piece there exists one reflection hyperplane,
coming across the Q-diagram. Now, consider F signatures in the Q-piece such that there is
one F tree of long diagonal (i, j) where j = i + 6 mod 4d. Its reflection gives an F signature
with one F tree of long diagonal (i + 2d, j + 2d) mod 4d. Notice that the short diagonals of
the opposite color are the same if d is even. We modify (i, j) by a Whitehead move with the
diagonal (i + 2, i + 4) mod 4d, so that it becomes (i, i + 2) (i + 4, i + 6). By symmetry, we
proceed on (i + 2d, j + 2d) and (i + 2 + 2d, i + 4 + 2d) so, that the Whitehead operation gives
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the pair (i + 2d, i + 2 + 2d)(i + 4 + 2d, i + 6 + 2d) mod 4d. Hence, we obtain the same M
signatures. Therefore, there is a second reflection hyperplane coming across the M signatures in
the Q-piece. 
Lemma 24. Let Z be a couple of adjacent Q-pieces and let Y be the stratification. Then p :
Y → Z is a Galois covering, with Galois group of order d.
Proof. Let us define p : Y → Z where Y = ∪ρ∈GZρ and G is a cyclic group of finite order d,
where Y is connected. Each inverse image p−1(Aσ) of Aσ ∈ Z is constituted from classes, having
signatures which are equivalent up to a rotation of σ. So, any action ρ ∈ AutZ(Y ) on σ gives a
signature σ′ which belongs to p−1(Aσ). We show that for Y ×Z Y = {(z, z′) ∈ Y × Y,p(z) =
p(z′)}, the map
φ : G× Y → Y ×Z Y,
(g, z) 7→ (z, gz)
is a homeomorphism.
• The map is a bijection. First let us show that the map is injective. Consider φ(g, z) =
φ(g′, z′) i.e. (z, gz) = (z′, g′z′) ∈ Y ×Z Y . Then, z = z′ and g′ = g and in particular
(g, z) = (g′, z′) in G × Y , so the map is injective. The map is surjective since for
every (z, gz) ∈ Y ×Z Y , there exists at least one element in (g, z) ∈ G × Y such that
φ((g, z)) = (z, gz).
• The map is bicontinuous because the group G continuously acts on Y .
So, the map p : Y → Z satisfies the definition of a Galois covering for an order d Galois group. 
Lemma 25. Let S1 = [
L0+2d
L0+2d−1 ] and S2 = [
L0−2d
L0−2d−1 ] be two S signatures. Then, S1 = S2.
Proof. Consider any diagonal (i, j) ∈ L0, where i, j are integers of the same parity modulo 4d.
We have i ≡ i mod 4d ⇐⇒ i + 4d ≡ i mod 4d ⇐⇒ i + 2d ≡ i − 2d mod 4d. Proceeding
similarly for j we have that S1 = S2. 
Decomposition in Q-pieces
Consider a Q-piece. Let LHS (resp. RHS) denote the left (resp. right) hand side of the
Q-piece about its reflection axis; let S1 (resp. S2) be a signature in the LHS (resp. RHS) of the
Q−piece, such that S1 = [ L0L0−1 ], S2 = [ L0+2dL0−1+2d ]. Let us discuss the relations between each pair
of adjacent Q-piece.
(1) Consider a Q1-piece. Any signature σ1 in the LHS is associated to [
L0
L0−1 ]. Its reflection
r(σ1) in the RHS is σ1 rotated by an angle pi and is given by [
L0+2d
L0−1+2d ]. Consider the
adjacent Q2-piece. Applying lemma 19: any signature σ2 of the Q2-piece is obtained by
the copy-paste and turn step. Therefore, if σ2 lies in the LHS part of the Q2-piece then,
its matrix is [ L0−1L0−2 ]. Its reflection in the RHS part is [
L0+2d−1
L0−1+2d−2 ].
(2) More generally, take any signature in the LHS of the i-th Q-piece. Its matrix is [ L0−i+1L0−i ]
and its reflection in RHS has matrix [ L0−i+1+2dL0−i+2d ]. Applying lemma 19, the consecutive
signatures are respectively of type [ L0−iL0−(i+1) ] and [
L0−i+2d
L0−(i+1)+2d ].
(3) For the (2d− 1)-th Q2d−1-piece, we have [ L0−(2d−1)L0−2d ] and [
L0+2d−(2d−2)
L0+2d−1−(2d−1) ]. The consec-
utive signatures are respectively [ L0−(2d−1)
L0−2d ] and [
L0+2d−2d
L0+2d−1−2d ].
Remark 3. Note that, after 4d iterations of this procedure the identity is obtained.
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Below we present a part of the collection of glued Q-pieces, the connections are represented by
thin vertical double arrow, deformations by a thick horizontal double arrow. The final structure
is obtained by glueing the top and the bottom of Fig 17, along the long and thin horizontal
arrows.
−−−−−−−−−−−−−−−−−−−−→[
L0
L0−1
]⇔ . . . · · · ⇔ [Q1 ]⇔ . . . · · · ⇔ [ L0+2dL0−1+2d ]l l l[
L0−1
L0−2
]⇔ . . . · · · ⇔ [Q2 ]⇔ . . . · · · ⇔ [ L0−1+2dL0−2+2d ]l l l[
L0−2
L0−3
]⇔ . . . · · · ⇔ [Q3 ]⇔ . . . · · · ⇔ [ L0−2+2dL0−3+2d ]
. . . . . . . . .
l l l[
L0−(2d−2)
L0−(2d−1)
]
⇔ . . . · · · ⇔ [Q2d−1 ]⇔ . . . · · · ⇔
[
L0+2d−(2d−2)
L0+2d−1−(2d−1)
]
l l l[
L0−(2d−1)
L0−2d
]
⇔ . . . · · · ⇔ [Q2d ]⇔ . . . · · · ⇔ [ L0+2d−2dL0+2d−1−2d ] = [ L0L0−1 ]
←−−−−−−−−−−−−−−−−−−−−
Figure 17. Detail of the collection of glued Q-pieces.
Theorem 26. The decomposition of DPold in 4d (d > 2) Weyl-Coxeter-chambers, is induced by
the topological stratification of DPold in elementa and is invariant under the the Coxeter group
given by the presentation:
W = 〈r, s1, ..., s2d|r2 = Id, (rsj)2p = Id, p|d〉, p ∈ N∗.
Proof. Let us recall from lemma 22 that each Q-piece is invariant under an automorphism group
of order 2. Moreover, it follows from the proposition 24 that the stratification is invariant under
a cyclic group of order 2d. We show that the stratification is invariant under the Coxeter group
W = 〈r, s1, ..., s2d|r2 = Id, (rsj)2p = Id, p|d〉, using the Q-procedure described previously.
Between any pair of adjacent Q-pieces there exists a reflection hyperplane. Let us consider
the pair of i-th and (i + 1) adjacent Q-pieces, where i ∈ {0, ..., 2d − 1}. Denote this pair by
(Qi, Qi+1).
The the set of blue (resp. red) monochromatic diagrams are bijectively mapped, by the
Identity, to the set of blue (resp. red) monochromatic diagrams in the Qi+1-piece: this is the
copy and paste step. As for the set of red (resp. blue) monochromatic diagrams, they are
bijectively mapped to the set of red (resp. blue) monochromatic diagrams in the Qi+1-piece as
follows: after making a copy and paste step, red (resp. blue) diagrams are rotated by pi about
the center of the diagram. In other words, each red monochromatic diagram in the Qi+1-piece
is symmetric to its pre-image in the Qi-piece, about the vertical reflection axis of the blue (resp.
red) monochromatic diagram in the Q-diagram.
Therefore, we have a bijection which is order preserving between from the set of signatures in
the Qi-piece to the set of signatures in the Qi+1-piece: the incidence relations in both Q-pieces
are preserved.
From the definition 11 of adjacent Q-pieces it follows that the adjacent Q-pieces are symmetric
about a reflection hyperplane.
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The next Q-piece, indexed (i + 2), is obtained by making a copy and paste step from the
set of signatures in the i-th Q-piece and by rotating those signatures by pi2d about the center of
the signature. Using the same argument as previously, we have thus, 2d reflection hyperplanes.
to conclude, this implies that there exist 2d horizontal reflection hyperplanes and one vertical
reflection hyperplane. 
Corollary 27. For d > 2, there exist 4d chambers in this stratification, in the sense of Weyl-
Coxeter. One Q-piece is the union of two chambers.
Corollary 28. Let W be the inclusion diagram. Then W is invariant under the Klein group
Z2 o Z2.
5.3. Braid towers. We have shown the existence of a stratification of DPold, which forms a
decomposition of this space, which is invariant under a Coxeter group. Since DPold is isomorphic
to the configuration space of d marked points on the complex plane, denoted Conf(C)d, we
have therefore a stratification of this configuration space which is invariant under this polyhedral
Coxeter group. From the other side, configuration spaces are related to the theory of braids. By
a result of Fadell, Fox, Neuwirth [22, 23] it is well known that the braid group with d strands
is the fundamental group of the configuration space Conf(C)d. It is interesting to explain our
geometric approach to braid theory.
Theorem 29. Any braid relations following from the natural inclusion of braids i? : Bd ↪→ Bd+1
can be described using the decomposition in Q-pieces.
Proof. (i) The first application of the decomposition in Q-pieces appears in the case of
the embedding DPold ↪→ DPold+1 (table 1). More concretely, this Q-decomposition lists and
enumerates all the possible intertwinings of the roots in DPold in an explicit and geometric way.
Indeed, starting with a given configuration of polynomial roots (corresponding to the one in a
Q-diagram), we obtain all the possible intertwinings that may happen between the roots.
More precisely, a pair of intertwining roots corresponds to a set of 4 generic signatures - connected
between each other by 4 codimension 1 signatures, forming a quadrangle, in the nerve (see figure 20, for
d = 4 ).
The natural embedding Q(d) ↪→ Q(d + 1) gives an inductive and explicit method of the embedding
DPold ↪→ DPold+1. Indeed, the procedure of Q(d) ↪→ Q(d+ 1) is equivalent to adding a tree in the Q(d)
in trigonometric way.
As a remark, note that the embedding DPold ↪→ DPold+1 extends to the embedding j : Cd ↪→ Cd+1,
defined as follows. Take a polynomial P in Cd with d roots (possibly with some multiplicities), z1, . . . , zd.
The roots of the polynomial j ◦ P are given by z1, . . . , zd, zd+1 where z1, . . . , zd are roots of P and
zd+1 = z0 +max1≤i<d |zi−z0|+1, with z0 is the arithmetic mean of the roots z1, . . . , zd, for more details
see [2](page 44).
(ii)This application of the construction has implications for the injective homomorphism of
groups (reciprocally for the projection map Bd+1 ↪→ Bd). Indeed, each quadrangle is an intertwining
of roots, therefore it corresponds to an elementary braid. Therefore, the algorithmic method and the
induction explained above illustrates the inclusion i? : Bd ↪→ Bd+1.
(iii) Finally, using this construction we have a geometric interpretation of the increasing chain
of braid groups.
More precisely, there exist a natural embedding Q(d) ↪→ Q(d + 1) between Q(d)-diagrams of poly-
nomials of degree d and Q(d + 1)-diagrams of polynomials of degree d + 1 as shown in table 1. The
construction gives an explicit presentation of the embedding DPold ↪→ DPold+1. This property holds in
a more general framework: for Q(d) ↪→ Q(d+ k), where k ≥ 1.
The decomposition formed from the union of all Q-pieces presents, in an explicit way, all the possible
intertwining of the roots. Thus, considering a decomposition for the d + 1 marked points, we have an
explicit illustration, of the embedding DPold ↪→ DPold+1 and thus for j : Cd ↪→ Cd+1.
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d 3 4 5 6 7
mod 12 16 20 24 28
0 ∼ 12 0 ∼ 16 0 ∼ 20 0 ∼ 24 0 ∼ 28[
21,15 23,13 25,11 27,9 1,7
20,14 22,12 24,10 26,8 28,6
][
20,14 22,12 24,10 26,8 28,6
19,13 21,11 23,9 25,7 27,5
][
19,13 21,11 23,13 1,7
18,12 20,10 22,12 24,6
] [
19,13 21,11 23,9 25,7 27,5
18,12 20,10 22,8 24,6 26,4
][
18,12 20,10 22,12 24,6
17,11 19,9 21,7 23,5
] [
18,12 20,10 22,8 24,6 26,4
17,11 19,9 21,7 23,5 25,3
][
17,11 19,9 1,7
16,10 18,8 20,6
] [
17,11 19,9 21,7 23,5
16,10 18,8 20,6 22,4
] [
17,11 19,9 21,7 , 23,5 25,3
16,10 18,8 20,6 22,4 24,2
][
16,10 18,8 20,6
15,9 17,7 19,5
] [
16,10 18,8 20,6 22,4
15,9 17,7 19,5 21,3
] [
16,10 18,8 20,6 22,4 24,2
15,9 17,7 19,5 21,3 23,1
][
15,9 1,7
14,8 16,6
] [
15,9 17,7 19,5
14,8 16,6 18,4
] [
15,9 17,7 19,5 21,3
14,8 16,6 18,4 20,2
] [
15,9 17,7 19,5 21,3 23,1
14,8 16,6 18,4 20,2 22,28
][
14,8 16,6
13,7 15,5
] [
14,8 16,6 18,4
13,7 15,5 17,3
] [
14,8 16,6 18,4 20,2
13,7 15,5 17,3 19,1
] [
14,8 16,6 18,4 20,2 22,28
13,7 15,5 17,3 19,1 21,27
][
1,7
12,6
] [
13,7 15,5
12,6 14,4
] [
13,7 15,5 17,3
12,6 14,4 16,2
] [
13,7 15,5 17,3 19,1
12,6 14,4 16,2 18,24
] [
13,7 15,5 17,3 19,1 21,27
12,6 14,4 16,2 18,28 20,26
][
12,6
11,5
] [
12,6 14,4
11,5 13,3
] [
12,6 14,4 16,2
11,5 13,3 15,1
] [
12,6 14,4 16,2 18,24
11,5 13,3 15,1 17,23
] [
12,6 14,4 16,2 18,28 20,26
11,5 13,3 15,1 17,27 19,25
][
11,5
10,4
] [
11,5 13,3
10,4 12,2
] [
11,5 13,5 15,1
10,4 12,2 14,20
] [
11,5 13,3 15,1 17,23
10,4 12,2 14,24 16,22
] [
11,5 13,3 15,1 17,27 19,25
10,4 12,2 14,28 16,26 18,24
][
10,4
9,3
] [
10,4 12,2
9,3 11,1
] [
10,4 12,4 14,20
9,3 11,1 13,19
] [
10,4 12,2 14,24 16,22
9,3 11,1 13,23 15,21
] [
10,4 12,2 14,28 16,26 18,24
9,3 11,1 13,27 15,25 17,23
][
9,3
8,2
] [
9,3 11,1
8,2 10,16
] [
9,3 11,1 13,19
8,2 10,20 12,18
] [
9,3 11,1 13,23 15,21
8,2 10,24 12,22 14,20
] [
9,3 11,1 13,27 15,25 17,23
8,2 10,28 12,26 14,24 16,22
][
8,2
7,1
] [
8,2 10,16
7,1 9,15
] [
8,2 10,20 12,18
7,1 9,19 11,17
] [
8,2 10,24 12,22 14,20
7,1 9,23 11,21 13,19
] [
8,2 10,28 12,26 14,24 16,22
7,1 9,27 11,25 13,23 15,21
]
Table 1. Table of inclusions
Since, the intertwining of the roots corresponds to an elementary braid, this construction shows
the natural inclusion of braids. This inclusion is an injective homomorphism of groups, such that:
i? : Bd → Bd+1, with i?(σ(d)i ) = σ(d+1)i for i in the set from 1 to d− 1. So, that there exists
• an embedding of DPold ↪→ DPold+1 given explicitly by Q-pieces;
• an increasing chain of braid groups B1 ⊂ B2 ⊂ B3 ⊂ . . . Bd ⊂ Bd+1. associated to Q-pieces.
In pi1(
DPold) there exists paths given by a “quadrangles” forming a loop [11], corresponding to,
adjacent two by two, four elementas, which are generic and of codimemsion 1. Therefore, the Q-pieces
allow a description of the braid relations. In particular, an explicit description of the inclusion of braids
is this given. 
Corollary 30. Any braid relations following from the projection Bd+1 → Bd can be described
using Q-pieces.
Corollary 31. The braid operad can be described using Q-pieces.
6. Concluding remark
In this paper, we have investigated a new cell decomposition ofM0,[d], using its natural relation
with the space of complex monic degree d > 0 polynomials in one variable with simple roots,
which the d-th unordered configuration space of the complex plane space. The decomposition of
DPold has been done considering drawings of polynomials - objects reminiscent of Grothendieck’s
dessin’s d’enfant. These objects are decorated graphs, properly embedded in the complex plane,
obtained by taking the inverse image under a polynomial P of the real and imaginary axes. A
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detailed study of those objects has been given in section 2. A stratum, (called elementa) of the
decomposition is defined as a set of polynomials having drawings belonging to the same isotopy
class, relatively to the asymptotic directions and which is described as a signature (for simplicity
signatures are represented as circular diagrams). An important step towards the stratification is
that the topological closure of a stratum indexed by the signature σ is given by the combinatorial
closure of the signature σ [11], which motivated our investigations in this paper concerning the
combinatorial closure of an elementa. The study of this stratification lead to the introduction
of the notion of an inclusion diagram which is a precious tool describing geometrically not only
the neighborhood of each stratum but the entire stratification itself. It is also known that this
inclusion diagram is the nerve in the sense of Cˇech, of the cover in [11, 12]. We showed that
the stratification for d > 2 is invariant under a Coxeter group with 4d chambers, 2d horizontal
reflection hyperplanes and one vertical reflection hyperplane. To conclude, the paths and loops
in DPold have been defined in a new way, using diagrams. Moreover, from the deep relation
pi1(
DPold) = Bd ([8, 22, 23]) we showed that a braid can be defined, using a sequence of signatures,
obtained one from another via Whitehead move. From the result, showed in this paper, a braid
can be defined as a path (loop) in one chamber. This result is also very advantageous for the
calculation of the Cˇech cohomology of this space, since it reduces significantly the complexity.
On the other side, it allows an alternative description to the braid operad.
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Appendix A. Inclusion diagram for d = 3
M1 | 71 | M3
| 60 |
[ 0,6
1,7
] | 06 |
M2 | 17 | M4 | 93 | M2
| 28 |
[ 1,7
2,8
] | 82 | [ 2,83,9 ] | 28 |
M1 | 71 | M3 | 39 | M1 | 115 | M3
| 410 |
[ 3,9
4,10
] | 104 | [ 4,105,11 ] | 410 |
M4 | 93 | M2 | 511 | M4
| 60 |
[ 5,11
6,0
] | 06 |
M1 | 115 | M3
Figure 18. The 2-faces of the inclusion diagram for d = 3
M4
M2
M1
M3
M4
M2
M1
M3
| 17 |
| 28 |
| 39 |
| 410 |
| 511 |
| 60 |
| 71 |
[ 1,7
2,8
]
[ 2,8
3,9
]
[ 3,9
4,10
]
[ 4,10
5,11
]
[ 5,11
6,0
]
[ 6,0
7,1
]
M1
M3
M4
M2
M1
M3
M4
M2
| 71 |
| 82 |
| 93 |
| 104 |
| 115 |
| 06 |
| 17 |
Figure 19. Inclusion diagram for d = 3
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Appendix B. The adjacent Q-pieces for d = 4
| 111 | | 111 |
| 71 |
| 410 |
| 159 |
| 122 |
| 111 | | 93 | | 111 | | 39 | | 93 | | 39 |
| 93 |
[ 1,11
10,0
] | 111 | [ 3,92,8 ][ 1,11
0,10
] [ 1,11 3,9
0,10 2,8
] [ 3,9
2,8
]
| 82 |
[ 1,11
10,0
] | 010 | [ 3,92,8 ]
| 100 | | 010 |
| 60 |
| 39 |
| 148 |
| 111 |
| 28 | | 100 | | 82 | | 010 | | 28 || 82 |
| 82 |
[ 0,10
15,9
] | 100 | [ 2,81,7 ][ 0,10
15,9
] [ 0,10 2,8
15,9 1,7
] [ 2,8
1,7
]
| 71 |
[ 0,10
15,9
] | 159 | [ 2,81,7 ]
| 915 | | 159 |
| 515 |
| 28 |
| 137 |
| 100 |
| 71 | | 159 | | 17 | | 915 | | 17 || 71 |
| 17 |
[ 15,9
14,8
] | 1915 | [ 1,70,6 ][ 15,9
14,8
] [ 15,9 1,7
14,8 0,6
] [ 1,7
0,6
]
| 60 |
[ 15,9
14,8
] | 148 | [ 1,70,6 ]
| 814 | | 06 | | 814 | | 60 | | 148 | | 06 || 148 | | 60 |
| 414 |
| 17 |
| 126 |
| 915 |
| 06 |
[ 14,8
13,7
] | 814 | [ 0,615,5 ][ 14,8
13,7
] [ 14,8 0,6
13,7 15,5
] [ 0,6
15,5
]
| 515 |
[ 14,8
13,7
] | 137 | [ 0,615,5 ]
| 713 | | 137 |
| 313 |
| 06 |
| 115 |
| 814 |
| 155 | | 137 | | 515 | | 713 | | 515 | | 155 |
| 155 |
[ 13,7
12,6
] | 713 | [ 15,514,4 ][ 13,7
12,6
] [ 13,7 15,5
12,6 14,4
] [ 15,5
14,4
]
| 414 |
[ 13,7
12,6
] | 126 | [ 15,514,4 ]
| 612 | | 126 |
| 212 |
| 155 |
| 104 |
| 713 |
| 144 | | 126 | | 414 | | 612 | | 414 | | 144 |
| 144 |
[ 12,6
11,5
] | 612 | [ 14,413,3 ][ 12,6
11,5
] [ 12,6 14,4
11,5 13,3
] [ 14,4
13,3
]
| 313 |
[ 12,6
11,5
] | 115 | [ 14,413,3 ]
| 511 | [ 115 ]
| 111 |
| 144 |
| 93 |
| 126 |
| 133 | | 511 | | 313 | | 115 | | 313 | | 133 |
| 133 |
[ 11,5
10,4
] | 511 | [ 13,312,2 ][ 11,5
10,4
] [ 11,5 13,3
10,4 12,2
] [ 13,3
12,2
]
| 212 |
[ 11,5
10,4
] | 104 | [ 13,312,2 ]
| 410 | | 104 |
| 010 |
| 133 |
| 82 |
| 511 |
| 122 | | 410 | | 212 | | 104 | | 212 | | 122 |
| 122 |
[ 10,4
9,3
] | 410 | [ 12,211,1 ][ 10,4
9,3
] [ 10,4 12,2
9,3 11,1
] [ 12,2
11,1
]
| 111 |
[ 10,4
9,3
] | 93 | [ 12,211,1 ]
| 39 | | 93 | | 39 | | 111 | | 93 | | 111 | | 111 | | 111 |
Figure 20. Q-pieces for d=4
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